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Abstract. We will give upper bounds for the number of integral solutions 
to quartic Thue equations. Our main tool here is a logarithmic curve cj>(x, y) 
that allows us to use the theory of linear forms in logarithms. This manuscript 
improves the results of author's earlier work with Okazaki 2 by giving special 
treatments to forms with respect to their signature. 



1. Introduction 

In this paper, we will study binary quartic forms with integer coefficients; i.e. 
polynomials of the shape 

F(x, y) = a x 4 + aix 3 y + a 2 x 2 y 2 + a 3 xy 3 + a^y 4 , 

with £ Z, i 6 {0,1,2,3,4}. We aim to give upper bounds for the number of 
solutions to the equation 

(1) \F(x,y)\ = l. 

Here we will count (x,y) and (—x,—y) as one solution. Let M(F) be the Mahler 
measure of F(x, y). In [5] we used some ideas of Stewart [TB] to bound the number 
of solutions with \y\ < M(F) & . We will slightly modify those ideas and use them 
to give an upper bound for the solutions of (JlJ with \y\ < M(F) 35 . Then we will 
improve the main result in j2| by giving better upper bounds for the number of 
solutions (x,y) with large \y\ > M(F) 3 - 5 to equation fl}. The following is the main 
result of this manuscript. 

Theorem 1.1. Let F(x, y) be an irreducible quartic binary form with integer coeffi- 
cients. The Diophantine equation {7p has at most Uf (see the table below) solutions 
in integers x and y, provided that the discriminant of F is greater than Dq, where 
Do is an explicitly computable constant. 



Signature of F 


u F 


(0,2) 


6 


(2,1) 


14 


(4,0) 


26 



The reason for having different upper bounds for forms with different signature 
in Theorem 11.11 relies upon the fact that the number fields generated over Q by 
a root of the equation F(x, 1) = have a rings integers with different numbers of 
fundamental units. 
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One can use the method of this manuscript to deal with particular quartic Thue 
equations, where more information about the coefficients of the quartic form are 
available. Therefore, in applications, the strong condition on the size of discriminant 
may be removed. 

The equation 

x 4 - Ax 3 y - x 2 y 2 + 4xy 3 + y 4 = 1 

has exactly 8 solutions (x, y) = (0, 1), (1,0), (1,1), (-1, 1), (4, 1), (-1, 4), (8, 7), (-7, 8) 
(see [llj for a proof). The author is not aware of any binary quartic forms F(x,y) 
for which the equation F(x, y) = 1 has more than 8 solutions. Magma [7] did not 
find any solution to 

x* - 4x 3 y - x 2 y 2 + Axy 3 + y 4 = -1. 

We will always assume that F(x, y) is irreducible. In fact, when the form F(x, y) 
is not irreducible over Z[x,y], we are in a much simpler situation. In general, 
equation ([TJ may have infinitely many integral solutions; F(x, y) could, for instance, 
be a power of a linear or indefinite binary quadratic form that represents unity. If 
F(x, y) is not an irreducible form, however, we may very easily derive a stronger 
version of our main theorem under the assumption that F(x,y) is neither a 4th 
power of a linear form nor a second power of a quadratic form. Suppose that 
F(x,y) is reducible and can be factored over Z[x,y] as follows 

F(x,y) = F 1 (x,y)F 2 (x,y), 

with deg(Fi) < deg(i<2) and F% irreducible over X[x,y\. Therefore, the following 
equations must be satisfied: 

(2) F 1 (x,y) = ±l 
and 

(3) F 2 (x,y) = ±l. 

This means the number of solutions to |T]) is no more than the minimum of number 
of solutions to (J2j) and ([3]). First suppose that F\ is a linear form. Then the 
equation ([3|) can be written as a polynomial of degree 3 in x and therefore there are 
no more than 12 complex solutions to above equations. Now let us suppose that 
Fi is a quadratic form. Using Bezout's theorem from classical algebraic geometry 
concerning the number of common points of two plane algebraic curves, we conclude 
that {T]) has at most 16 integral solutions. 

In this manuscript, we give new and sharper bounds for the number of solutions 
to equation (p}. The bound given in [2] is improved here mostly due to some 
adjustment in the definition of the logarithmic curve 4>{x,y) in Section [6] We also 
study the geometry of binary forms with respect to their signature to get amore 
precise understanding of the distribution of solutions to ([1]). We also appeal to a 
result of Voutier (Proposition 12.21) to estimate the height of algebraic numbers in 
the number field generated over Q by a root of the equation F(x, 1) = 0. These 
allow us to extend our method introduced in [2] for quartic forms that split in R 
to all quartic forms. 
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2. Preliminaries 

Let f(x) = a n x n + . . . + a\x + ao be the minimal polynomial of an algebraic 
number q^O. Suppose that over C, 

f(x) = a n (x -ai)...(x- a„). 

We put 

n 

M{a) = M(f) = |o„| JJmaxtl.lajl). 

i=l 

M{a) is known as the Mahler measure of a. 

The Mahler measure of a binary form G(x,y) is defined to be equal to the 
Mahler measure of the polynomial G(x, 1). In [8], Mahler showed, for polynomial 
G of degree n and discriminant Dq, that 



(4) M{G) > 



Dg 



Let F(x, y) be a quartic form that factors over C as follows 

F(x, y) = a (x - a\y){x - a 2 y)(x - a 3 y)(x - cuy). 

The discriminant D of F is given by 

D = Dp = al(ai - a 2 ) 2 («i - a 3 ) 2 (ai - a i ) 2 (a 2 - a 3 ) 2 (a 2 ~ a4) 2 (a 3 - «4) 2 - 

We call forms F and G equivalent if they are equivalent under GL2(Z)-action; i.e. 
if there exist integers a\ , a 2 , a 3 and 04 such that 

F(a%x + a 2 y, a 3 x + a 4 y) = G(x, y) 

for all x, y, where aia^ — a 2 a 3 = ±1. We denote by Np the number of solutions in 
integers x and y of the Diophantine equation ([1} . If F and G are equivalent then 
N F = N G and Dp = D G . 

Suppose there is a solution (2:0,2/0) to equation ([T]). Since 

gcd(iro,yo) = 1) 
there exist integers x\, y\ € Z with 

xoVx ~ 2=12/0 = L 

Then 

F*(1,0) = 1, 

where 

F*(x,y) = F(x x + X!y,y Q x + y x y). 
Therefore, F* is a monic form equivalent to F . From now on we will assume F is 
monic. 

Let Q(ai) a be the embeddings of the real number field Q(a%) in R, 1 < a < n, 
where {ai, a 2 , . . . , a n } are roots of F(x, 1) = 0. We respectively have n Archimedean 
valuations of Q(ai): 



\p\a = 



1 < a <n. 



We enumerate simple ideals of Q(a) by indices a > n and define non- Archimedean 
valuation of Q(a) by the formulas 

\p\ a = (Norm py k , 



4 



SHABNAM AKHTARI 



where 

k = ordp(a), p = p a , a > n, 
for any p £ Q*(a). Then we have the product formula : 

oo 

II|p|a = l, peQ(a). 
1 

Note that \p\ a ^ 1 for only finitely many p. We should also remark that if 02 = &ii 
i.e., 

<ti{x) = ax{x) for x € Q(a), 

then the valuations | . \ ai and | . \ a2 are equal. We define the absolute logarithmic 
height of p as 



2n 

a—l 

Proposition 2.1. For every non-zero algebraic number a, we have h(a~ l ) = h(a). 
For algebraic numbers a±, . . . , a n , we have 

h(ai . . . a n ) < h(ai) + . . . + h(a n ) 

and 

h{cti + . . . + a n ) < log n + h{ai) + . . . + h(a n ). 

Proof. See [4] for proof. □ 

Proposition 2.2. (Voutier [17) ) Suppose a is a non-zero algebraic number of degree 
n which is not a root of unity. If n > 2 then 

, / x 1 , . . if log log n x " 
h(a) = - log M(a)> -( f 

n 4 \ logn 

Let a and /3 be two algebraic numbers. Then the following inequalities hold (see 

(5) h[a + P) <log2 + h(a) + h(/3) 
and 

(6) h(a/3) < h(a) + h{p). 

Lemma 2.3. (Mahler [8] ) If a and b are distinct zeros of polynomial P{x) with 
degree n, then we have 

\a-b\> V3(n)- in+2)/2 M(P)- n+ \ 
where M(P) is the Mahler measure of P. 

Lemma 2.4. Let f{x) — a n x n + . . . + a\x + oq be an irreducible polynomial of 
degree n and a m be one of its roots. For f'{x) the derivative of f, we have 

l- {n - 1)2 M$L=2 < l/'KOI < ^^^(maxa.l^Dr 1 , 

where Dj is the discriminant, M{f) is the Mahler measure and H(f) is the naive 
height of f . 
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Proof. The right hand side inequality is trivial by noticing that 

f'(x) = nanx" 1-1 + . . . + a\X. 

To see the left hand side inequality, observe that for a 2 ;, aj, two distinct roots of 
f(x), we have 

\on — atj\ < 2max(l, \an\) max(l, \aj\). 

Then 

n nil 

— — \ai-a m \ 



\f'(a m )\ = TT \a>i-a m \> TT ( 

. ax xx max (l, a 4 )max(l, ov. 

n n ii 
O-(n-l) 2 \ D F\ 

M(F) 2n - 2 ' 



max(l, |ai|) max(l, \atj\ 



□ 



Suppose that K is an algebraic number field of degree d over Q embedded in C. If 
K C 1, we put x = lj an d otherwise x = 2. We are given numbers ai, . . . a n G K* 
with absolute logarithm heights h(aj), 1 < j < n. Let logai, . . ., loga^ be 
arbitrary fixed non-zero values of the logarithms. Suppose that 

Aj > max{dh(aj), | logOj|}, 1 < j ' < n. 

Now consider the linear form 

L = feilogai + . . . + 6„loga n , 

with 6i, Z and with the parameter 

B = max{l, max{&j Aj/A n : 1 < j < n}}. 

For brevity we put 

Q = A 1 ...A n , 
C(n) = C{n, x ) = -^-e"(2n + 1 + 2 X )(n + 2)(4n + 4) 
Co = log(e 4 - 4n+7 n 5 - 5 d 2 log(en)), 




W = log(1.5e5dlog(ed)). 
The following is the main result of [TO] . 

Proposition 2.5 (Matveev). if log ai , . . . , log a n are linearly independent over Z 
and b n ^ 0, then 

\og\L\ > -C{n)C W d 2 n. 
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3. Summary of the Proof 
Suppose that (x, y) is an integral solution to equation ([T]). Then we have 

(x - aiy){x - a 2 y)(x - a 3 y)(x - a 4 y) = ±1. 

Therefore, for some 1 < i < 4, 

\x - a t y\ < 1. 

Definition. We say the pair of solution (x, y) is related to a$ if 

\x — cay\ = min \x — ctjy\ . 

Proposition 3.1. Let F(x,y) be an irreducible monic binary quartic form with 
integer coefficients and Mahler measure M(F). The Diophantine equation ^j) has 
at most N\ (see the table below) solutions in integers x and y with < y < M(_F) 3,5 , 
provided that the discriminant of F is greater than Dq, where Dq is an explicitly 
computable constant. 



Signature of F 


JVi 


(0,2) 


5 


(2,1) 


9 


(4,0) 


12 



Since F(x,y) is monic, (1,0) is a trivial solution to F(x,y) = 1. We will need 
to define a subset of solutions to ([1]), called 21 (see Section [8] for details). This set 
contains the trivial solution (1, 0) and 5 other pairs of solution only when F(x, 1) = 
has 4 real roots. 



Signature of F 


|2l| 


(0,2) 


1 


(2,1) 


1 


(4,0) 


6 



Proposition 3.2. Let F(x,y) be an irreducible binary quartic form with integer 
coefficients and Mahler measure M(F). The Diophantine equation |p]) has at most 
N2 (see the table below) solutions in integers x and y with y > M(F) 3 ' 5 , provided 
that the discriminant of F is greater than Dq, where Dq is an explicitly computable 
constant. 



Signature of F 


N 2 


(0,2) 





(2,1) 


4 


(4,0) 


8 
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4. Solutions with small y; the Proof of Proposition 13. II 

We may suppose that F(x,y) is a monic form and has the smallest Mahler 
measure among all monic forms that are equivalent to F. Assume that F(x, 1) = 
has r real roots and 2s non-real roots (r + 2s = 4). 

Let Yo be a positive real number. Following Stewart |16] and Bombieri and 
Schmidt [3], we will estimate the solutions (x, y) to |T]) for which < y < Yq. For 
binary form 

F(x, y) = (x- a x y) ...(x- a n y) 

put 

Li{x,y) = x - ony 

for i = 1, . . . , n. Then 

Lemma 4.1. Suppose F is a monic binary form. Then for every solutions (x,y) 
of flj) we have 

Li(x,y) Lj(x,y) ^ ^ V ' 
where fix, ... ; /3„ are such that the form 

J(it, w) = (u — Piw) . . . (u — f3 n w) 

is equivalent to F. 

Proof. This is Lemma 4 of |16j and Lemma 3 of [3], by taking (xo,?/o) equal to 
(1,0). □ 

For every solution (x, y) ^ (1, 0) of (H}, fix j = j(x, y) with 

\Lj(x,y)\>l. 

Then, by Lemma |4. 11 

1 

\Li{x,y)\ 

For complex conjugate f3j of /3j, where j = j(x,y), we also have 

1 



(7) ir 7Z ~\ > lft-AIM-1- 



Hence 



> l^-Albl-i- 



' >|Re(ft-)-ft||y|-l, 



where Re(/3j) is the real part of /3j. We now choose an integer m — m(x,y) with 
\Re((3j) -Pj\< 1/2, and we obtain 



(8 > ra^H 1 "-* 1 -^ 1 "- 1 - 

for i = 1, . . . , n. 

Definition. For 1 < i < n, Let Xi be the set of solutions to (p} with 1 < y < Yq 
and \Li(x,y)\ < ±. 

Remark When ctk and ai are complex conjugates, X; = Xfc and therefore we 
only need to consider r + s different sets Xi. 
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Lemma 4.2. Suppose and (0:2,2/2) are two distinct solutions in Xi with 

yi < 2/2- Then 

— > ^max(l, \pi(xx,yi) - m(x 1 ,y 1 )\). 

Proof. This is Lemma 5 of |16j and Lemma 4 of [3]. □ 
Lemma 4.3. Suppose (x,y) is a solution to flj) with y > and \Li(x,y)\ > 



Then 



7 

\m(x,y) - 0i(x,y)\ < -. 



□ 



Proof. This is Lemma 6 of [T5] . 

By Lemma |4. II the form 

J(u, w) — (u — fiiw) . . . (u — j3 n w) 

is equivalent to F(x,y) and therefore the form 

J(tt, w) = (u — {Pi — m)w) . . . (u — (/3 n — m)w) 

is also equivalent to F(x,y). Therefore, since we assumed that F has the smallest 
Mahler measure among its equivalent forms, we get 

n 

(9) max(l, \Pi(x, y) — m(x, y)\) > M(F). 

i=i 

For each set Xi that is not empty, let (x^ l \y^) be the element with the largest 
value of y. Let X be the set of solutions of ([T]) with 1 < y < Yq minus the elements 
(x^\ j/ 1 * 1 ), ■ • • , (x( r+s \ y( r+s ^). Suppose that, for integer i, the set Xi is non-empty. 
Index the elements of Xi as 

so that y^ < ... < yi^ (note that (Xv,yv) = (x^\y^)). By Lemma 

2 



-max(l, Pi(x^\y ( ^) 



< 



(«) 
Vk+1 

(*) 



for fc = 1 . . . , v — 1. Hence 

J] ymax(l,|&(4 l) ,2/fc' 

For (2, y) in X but not in Xi we have 



7 



max ( 1 



Pii^,yf] 



< 1. 



< Yn 



By Lemma |4~51 Thus 

IJ ^max(l,|ft(4*\y«) 
(a,2/)e3E 

Comparing this with ^ and since we have at most r + s different sets Xi, we obtain 

r 



m(f) < r r+s . 
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D F > 4 4 f I 



If Df satisfies the following numerical inequality 

4x6x65 



then we have 

S 1 , , 4 

D F \ 6x65 . fl 



4 4 



> 



From here and the fact that M(F) > (^f) 6 (see @), we conclude that if the 
discriminant is large enough then M(F) will be large enough to satisfy 

4 



(jj M(F) > M(F) 64 / 65 . 



By CO. 

(11) \X\<(r + s)- 



< 



64 logM(F) 

When F(x,y) has signature (4,0), choose 0\ > such that 

65 /n 

16 V"6~ + 

From dTOj) , we conclude that in this case \X\ is at most 7 and therefore ([T]) has at 
most 11 solutions with 1 < y < M(f)~ +Bl . 

When F(x,y) has signature (2, 1) choose 62 > such that 

From ([TU1) . we conclude that in this case \X\ is at most 5 and therefore ([T]) has at 
most 8 solutions with 1 < y < M(f)~ + 2 . 

We can repeat the similar argument for forms with signature (0,2) and choose 
6*3 > such that 

This will give us at most 5 solutions with 1 < y < M(f) e + 03 . But for this case, 
we have more to say in the next section. 

Lemma 4.4. Let F be a binary form of degree n > 3 with integer coefficients and 
nonzero discriminant D. For every pair of integers (x,y) with y 

2^-in™" 1 / 2 (M(F)) n ~ 2 \F(x, y)\ 



< 



\D(F)\V»\y\n 

where the minimum is taken over the zeros a of F(z, 1). 

Proof. This is Lemma 3 of [TB]. □ 

Lemma 4.5. Let F{x, y) be a quartic binary form with discriminant D, where 
\D\ > Dq. Suppose that at is a root of F(z,l) = 0. Suppose that 6 > 0. Then 
related to cti, there is at most 1 solution for equation (QJ) in integers x and y with 
(%+6) <y<M(F) 3 - 5 . 
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Proof. Assume that (xi,yi) and (0:2,2/2) are two distinct solutions to (JTJ), both 
related to ai with yi> y\> M(F) 2 . By Lemma T4.41 we have 



X2 


Xi 


< 


Xi 




X2 






ot t 


+ 


OH 


2/2 


yi 




Vi 




V2 



< 



< 



2 3 4 7/2 (M(F)) 2 2H 7 / 2 (M(F)) 2 
\D(fWV + \D(F)\^\y 2 \* 
2 4 4 7 / 2 (M(F) f 



\D(F)W ■ 

Since (xi,yi), (0:2,2/2) are distinct, we have \x2y1 — x\y 2 \ > 1- Therefore, 

M(F) 2 



1 


< 


X2 


Xi 








VlV2 




2/2 


Vi 



- I2/1I 4 

This is because we assumed that D F is large. Thus, 

Following Stewart [IB], we dehne Sj, for j = 1,2, by 

yj =M(F) 1+s *. 
By Q the Mahler measure of F is large and (|12l) implies that 

3<5i < 5 2 • 

From here, we conclude that 

2/2 > M(F) 3 - 5 . 

In other words, related to each root oti, there exists at most 1 solution in x and y 
with M( J F)TT +ei < 2/ < M(F) 3 - 5 . a 

5. Proof of the Main Theorem for Forms with signature (0, 2) 

We will first show that if a pair of integer (x,y) satisfies F(x,y) = ±1 and is 
related to a non-real root a of F(x, 1) = then 

\y\ < M{Ff'\ 

Lemma 5.1. For quartic binary form F(x,y), let a be a non-real root of F[x, 1) = 
0. If a pair of integer (x, y) satisfies F(x, y) = ±1 and is related to a then 



(13) 



\y\< 



(V3\D F \) 



9/4 



Proof. Let a = t + it, with t 7^ 0, be a non-real root of F(x, 1) =0. If a solution 
(x, y) of ([TJ is related to a then a, the complex conjugate of a, is also a root of 
F(x, 1) = and we have 



x 

a 

V 



£ -a 


+ 


£ - a 






V 



> 



let — Oil 



Moreover, if j3 ^ a is a root of -F(a:, 1) = then 
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Thus 



.r 



Q 



> 



y 

a — a 



n 
n 



Q:, 



2/ 

a — a,- 



= |a-5||/'(a)|2- 4 . 

By Lemma |2~31 

|a-a| > V3(4)- 3 A/(F)~ 3 . 
This, together with Lemma T2.41 shows that 



> V32 



-19 



M{Ff 



This completes our proof. 



□ 



Suppose that (xi,yi) and (x2,j/a) are two solutions related to a fixed root a, 
with M(f)^ + ° 3 < yi < y 2 < M(F) 9/4 . Similar to the proof of Lemma l4~5l we 
define (5j, for j — 1,2, by 

lfe = M(F) 1+tf '. 

Inequality (p~2]) implies that 

3<5i < 5 2 • 

From here, we conclude that if y\ > M(F) t5+ 93 then 

2/2 > M(F) 9 / 4 . 

In other words, related to each root (Xj, there exists at most 1 solution in x and y 
with M(F )T5 +e3 < y < M(F) g / 4 . 

When F(x,y) has signature (0,2) Choose #3 > such that 



„ 65 [17 
2 x — — 
64 V 12 



<3. 



From (JTOJ) , we conclude that in this case |X| is at most 2 and therefore (JXJ) has at 
most 4 solutions with 1 < y < M(J)t^ +63 . 

Since F is monic, (1,0) is a trivial solution to equation (JT|). Therefore, when F 
has signature (0, 2) the number of solutions to (UJ does not exceed 6. 

6. Transcendental Curve <fi(x,y) 
Fix a positive integer k. Define 

D^k(x- ya m ) 



(14) 



<]>m(x,y) = log 



and 

(15) <l>{x,y) = (<j) 1 {x,y),(j)2{x,y),(j)3{x,y),(j)4{x,y)) . 

Let \\4>(x, y)\\ be the L 2 norm of the vector (f)(x,y). 

Remark. In 2], a logarithmic curve 4>(x,y) is defined by taking k — 3. The 
new general definition of (p(x, y) in this paper gives us the freedom of choosing k 
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large enough to make our approximations sharper. In order to have our estimations 
correct it is sufficient to take k = 90. 

Lemma 6.1. Suppose that (x,y) is a solution to the equation F(x,y) — 1, where 
F is the binary form in Theorem li.il If 

\x — a>iy\ = mm \x — ajy\ 

then 

U(x,y)\\ <6 1og 1 +||0(1,O)||. 
\x - Uiy\ 

Proof. Let us assume that 

\x - a Sj y\ < 1, for 1 < j < p 

and 

\x-ocb k y\>l, forl<fc<4-p, 
where 1 < p, Sj, bk < 4. We have 

1 



k Xii\ x - a 'M 
Therefore, for any 1 < k < 4 — p, we have 

^og\x-a bk y\ <plog- 

\x - ony\ 

Since 

\x - a iV \ = mm \x - ajy] , 

1<j<4 

we also have 

|log | a; - a S] y\ \ < |log \x - aiy\\ . 
From here, we conclude that 

H{x,y)\\ < II0(1,O)|| + (4- p)p|log|z - aiy\\ + p\iog\x - aiy\\ 
= ||0(1, 0)|| + (5p-p 2 )\log\x-a. iy \\. 

The function A(p) — bp — p 2 obtains its maximum value 6 over p € {1, 2, 3, 4}. □ 

In the following lemma we approximate the size of /'(a) in terms of the discrim- 
inant and heights of / , where /' is the derivative of the polynomial / and a is a 
root of / = 0. 

Lemma 6.2. Suppose that F is a monic quartic binary form. Then (1,0) is a 
solution to the equation \F(x,y)\ = 1 and 

||0(1,O)|| <4log(2 9/k \D\^M(F)^ , 
Proof. By the definition of 0(x, y), 



(1,0)|| < ^>g 



Substituting the lower bound for the |/'(o; m )| fc from Lemma \2A\ completes the 
proof. □ 
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7. Exponential Gap Principle 

Here, our goal is to show 

Proposition 7.1. Suppose that (x\,yi), (£2,2/2) and (2:3,2/3) are three pairs of 
non-trivial solutions to (QJ) with 

\xj - a A yj \ < 1, 

and \ Vj \ > M(F) 3 - 5 , for j £ {1,2,3}. If U(x uyi )\\ < \\<f>{x 2 ,y 2 )\\ < U(x 3 ,y 3 )\\ 
then 



U(x 3 ,y 3 )\\ > 0.00014 exp 



(> 



In [2], we showed that when F(x, y) splits in R, i.e. when the signature is (4, 0), 
assuming that y 3 > y\ > M(F) 6 , one can get the following inequality 

Ml ^ ( \\<t>{xi, yi)\\\ r, 4!+^ 

II #£3,1/3)11 > exp I - l2V31og — - — , 

that is sharper than the inequality in Proposition 17.11 This makes the value of Do 
in our main theorem smaller and does not decrease the upper bound for the number 
of solutions. 

Observe that for three pairs of solutions in Proposition 17.11 the three points 
4>{xi,yi), 4>{x2,y 2 ) and 4>(x 3 ,y 3 ) form a triangle A. To establish Proposition 17.11 
we will find a lower bound and an upper bound for the area of A. Then comparing 
these bounds, Proposition 17.11 will be proven. The length of each side of A is less 
than 2 ||0(x3, j/3)||. Lemma 17.21 gives an upper bound for the height of A. Let 
(x, y) 7^ (1, 0) be a solution to Jl} and let t — ^. We have 

0(s,y) = #f)=I>g lt ~ ai [ bi, 
ti l/'MI ¥ 

where, 

bi = J(3, -1,-1,-1), b 2 = 3,-1,-1), 

b 3 = ^(-1, -1,3,-1), b 4 = ^(-1,-1,-1,3), 

Without loss of generality, we will assume that 0:4 is a real root and for the pair of 
solution (x, y) we have 

\x - a 4 y\ < 1. 
We may write (see the definition of <j){x, y) in (fT5j)) 

3 

(16) 4>{x, y) = <j>{t) = V log lt - a \ Ci + g 4 b 4 , 

U |/'MI* 

where, for 1 < i < 3, 

] u c \t~ a 4 lv^,__ |t-ai| 



\t-a 4 \ 1^, \t- 



|/'MI ¥ 6 t^i l/'(«i)l* 

One can easily observe that 

c ; _L b 4 , for 1 < i < 4. 
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Lemma 7.2. Let 



1 0:4 — a 



'-Ci + zb 4 , z g 



i=i |/'(ai)|'- 
Suppose that (x,y) 7^ (1,0) is a pair of solution to ([JJ] wzi/i 

|x — a!4t/| = min I a; — a,-2/| 
i<i<4 



and y > M(F) . Then the distance between <p{x,y) and the line L 4 is less than 



exp 



6 



Proof. The proof goes exactly as the proof of Lemma 6.3 in [2]. 
Lemma I7T21 shows that the height of A is at most 

\\H x uyi)\\ 

6 



□ 



2 exp 

Therefore, the area of A is less than 
(17) 2 \\<f>(x 3 ,y 3 )\\ exp 



6 



Let us now estimate the area of A from below. Since 

F(x, y) = (x - a%y)(x - a 2 y){x - a 3 y)(x - a 4 y) = ±1, 

we conclude that x — aiy is a unit in Q(a^) when (x, y) is a pair of solution to (fT). 
Suppose that (xi , 2/1 ) and (X2 , 2/2) are two pairs of non-trivial solutions to ((T|) . Then 

</>{xi,yi) - 0(x 2 ,2/2) 



flog 


Xi - 


, . . . , log 


xi - a-42/i 






x 2 - aiy 2 




x 2 - a 4 y 2 





Since is a unit in Q(ct;), by Proposition ^. 2[ we have 



||e|| = 8/1 



xi - ct»2/ 
x 2 - ai2/ 2 



> 2 



log log 4 
log 4 



> 0.026. 



Now we can estimate each side of A from below to conclude that the area of the 
triangle A is greater than 



V3 



log log 4 
log 4 



> 0.00029. 



Comparing this with (IT71) wc conclude that 

Il0(^i>2/i)ll 



2 ||0(x 3 , 2/3)|| exp 



(> 



> 0.00029. 



Proposition 17. II is immediate from here. 

Note that when Q(ati) is a totally real field, we have a better upper bound for 
the size of e; 



2 1 + V5 



||e1|>41og 

(see exercise 2 on page 367 of [2]). Now we can estimate each side of A from below 

by 

4V31 g 4 i±^. 
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In order to study the curve </>(i), we will consider some well-known geometric 
properties of the unit group U of K = Q(a), where a is a root of F(x, 1) = 0. 
Let r be the number of real conjugate fields of K and 2s the number of complex 
conjugate fields of K. Then by Dirichlet's unit theorem, the ring of integers Ok 
contains r + s — 1 fundamental units and there are three possibilities: 
If F(x, 1) = has no real roots, we call F a form of signature (0, 2). 
If F(x, 1) = has 4 real roots, we call F a form of signature (4, 0). 
If F(x, 1) = has 2 real roots, we call F a form of signature (2, 1). 

Here we are working with quartic forms (r + 2s — 4) we have r + s— 1 = ^ + 1 
fundamental units in Ok- Let r be the obvious restriction of the embedding of 
Q(a) in C 4 ; i.e. t(u) — (iti, 142,1/3,1/4), where Ui are algebraic conjugates of u. By 
Dirichlet's unit theorem, we have a sequence of mappings 

(18) t:U< — >VcC 4 
and 

(19) log : V 1 — > A, 

where V is the image of the map r, A is a r + s — 1-dimensional lattice, and the 
mapping log is defined as follows: 
For (x\, . . .,x r+a _i) G V , 

log(xi, . . . ,x r+s _i) = (log|£i|,...,log|av+ s -i|), 

where r and s are defined in Dirichlet's unit Theorem. We have r + s — 1 < 3. If 
(x, y) is a pair of solutions to ([1]) then 

(x - a 3 y) 

is a unit in Q(a^). Suppose that Q(a^) is a real number field and 

A2, . . . , \+ s 

are fundamental units of Q(aj) and are chosen so that 

log (t(A 2 )) , . . . ,log (r(A r+s )) 

are respectively first to r + s — 1 successive minimas of the lattice A. Let us assume 
that 

||log(r(A 3 ))||<...<||log(r(A P+ .))||, 
form a reduced basis for the lattice A, so that 

r+s 

(20) 0(x,y) = 0(1,0) + J]m fe log (r(A fc )), m k G Z, 

fc=2 

with 



(21) 



\\m k log (r(A fc ))|| < U(x,y) -</»(!, 0)|| 
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8. Geometry of <f>(x,y) 

Lemma 8.1. For every fixed integer m, there are at most 2r + 2s — 2 solutions 
(x,y) to (QP for which in &20\) , m r+s = m. 

Proof. Let S be the (r + s — l)-dimensional affinc space of all vectors 

r+s 

0(1,0) +J2 m log (r(Ai)) (fa € M). 

i=2 

Let fi r +s — m. Then the points 

r+s — 1 

0(1,0)+ J] Mi log (r(Aj)) + to log (r(A r+s )) 

i=2 

form an (r + s — 2)-dimensional hyperplane 5i of S. Put /(f) = f(t, 1). For tgR, 
define y(t) and x(t) as follows: 

y(t) := |/(i)|- 1/4 , 
x(t) := ty(f). 
Similar to <f>(x,y), we define the curve 0(f) on M: 

0(f) = (<j>i(t),fa(t),Mt)Ai(t)) , 

where, for 1 < to < 4 

D-t(x(t) - a m y(t)) 



<j> m (t) = log 



l/'WP 

Observe that for an integral solution (x, y) to (HJ and <fi(x,y) defined in (fl5j) . we 
have 

0(x,y) = ( - 

Let JV = (Ni,N2, N3, N4) € 5 be the normal vector of Si. Then the number of 
times that the curve 0(f) intersects £1 equals the number of solutions in t to 

(22) N4(t) = 0. 

We have 

lim log \ t — OLi\ = —00 

t-¥af 

and 

lim log |f — cti\ — —00. 

Note that if ai is a non-real root of F(x, 1) then d,-, the complex conjugate of a, is 
also a root and we have 

log \t - a,] = log |f - di\. 

If ai, . . . , ol t are the reals roots and a r +i, . . . , a r +s, « r +s+i, • ■ • , ov+2« are non-real 

roots with a r+s+ k — d r +fc, then the derivative ^ fiV.0(f)^ can be written as ^py, 

where Q(f) = (i — ctfi) • • • (t — a r )(t — a r +i) . . . (t — a r + s ) and P(t) is a polynomial 
of degree r + s — 1. Therefore, the derivative has at most r + s — 1 zeros and 
consequently, the equation (|22f) can not have more than 2r + 2s — 2 solutions. □ 
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Lemma 8.2. Let F be an irreducible monic quartic form. Suppose that (x,y) is a 
solution to the Thue equation F(x,y) = ±1 with y > M(F) . Then 

||0(1,O)|| < \\</>(x,y)\\. 

Proof. Let ai, . . ., a n be the roots of F(z, 1) = 0. Then 



( ai)( a 2 )( a 3 )( a 4 ) 

V V V V 



±1 

,,4 ' 



There must exist a root aj so that 

\3.5 



- — a, 



> i . By Lemma 12.41 and since y > 

M (F) 3 - 5 , the absolute value of the term <fij(x, y) alone exceeds |j</>(l,0)|j (see Lemma 

□ 

Recall that we assumed F(x 1 y) is a monic form. Therefore (1,0) is a trivial 
solution to the equation F{x,y) = ±1. 

Definition of the set 21. Assume that equation (flj has more than 2r + 2s — 2 
solutions. Then we can list 2r + 2s — 3 solutions (xi, yi) ^ (1, 0) (1 < i < 2r + 2s — 3), 
so that r.i = \\4>{xi, yi)\\ are the smallest among all \\(j>(x, y)\\, where (x,y) varies 
over all non-trivial pairs of solutions. We denote the set of all these 2r + 2s — 3 
solutions and the trivial solution (1,0) by 21. 

Corollary 8.3. Let (x,y) £ 21 be a solution to (QP with y > M(F) 3 - 5 . Then 

||log(r(A 2 ))|| < ... < ||log(r(A r+s ))|| < 2\\<t>(x,y)\\ . 

Proof. Since we have assumed that 1 1 log (t(A2))| < ... < 1 1 log (t(A t -_|_ s ))||, it is 

enough to show that 1 1 log (r(A r+s )) | < 2 ||^(x,y)||. By Lemma fSTTl there is at least 
one solution (xo,yo) € 21 so that 

r+s 



<f>{x, y) - (j>{x , y ) = log (r(Ai)) , 



with k n 7^ 0. Since {log(r(Ai))} is a reduced basis for the lattice A in (fl9|) . we 
conclude that 



||log(r(A r+s ))|| < \\<t>(x,y)-(l>(x ,y )\\ < 2 y)\\ 



a 



Lemma 8.4. Suppose that (x,y) is a solution to {!]) with y > Af(_F) 3,5 . We have 



(x,y)\\ > - log 



Proof. Let ai and aj be two distinct roots of quartic polynomial F(x, 1). We have 



e Mi,o)-M*,y) _ e ^j(i>o)-^(x,v) 



1 



1 



> 



x — yai x — yaj 

K \y\ 

\x - ycti\\x - ya 3 \ 

Wi ~ <Xj\ 
\x - yai\\x - ya 3 \' 
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Since \<f)i\ < \\4>\\ and ||0(1,O)|| < ||0(x, y)\\ , we may conclude 



l<i<j<4 



1 



1 



x — ycti x — ya,j 



> Vd. 



9. Proof of Proposition 13.21 for Forms of signature (4,0) 
Let (x, y) 7^ (1, 0) be a pair of solution to (Q} and 

r+s 



□ 



fe=2 



Let us set t — - and define 

y 



<p(x, y) = 0(1, 0) + ^2 m k l°g ( r (Afc)) > m k eZ. 

(t - aj)(«4 - ctj) 



T^i) :=log 



(t - atj)(oi4 - Qfj) 



Notice that 



T i,j(x,V) = Ti,j(t) = log 

= log 



Qf4 


— CKi 


+ log 




Qf4 






«4 


- OLi 


+ log 


Qf4 


-atj 





t - Qf j 

x — otjy 



x - ony 
A* | 



= loglAyl + ^ mi log jttt, 
fe= 2 |A fe! 

and Afe and A' fc are fundamental units in Q(ctj) and Q(tti), 



(23) 

where Ajj = log 
respectively. 

Lemma 9.1. Lei (x,y) 6e a pair of solution to {Ip w«i/i |y| > M(F) 3 ' 5 . Then there 
exists a pair for which 



\ T i,j{x,y)\ < exp 



6 



Proof. This is a consequence of Lemma 17.21 and the proof goes exactly the same as 
the proof of Lemma 6.8 in [2]. □ 

Let index a be the isomorphism from Q(o;,) to Q(ay) such that a{on) = a.j. We 
may assume that cr(Aj) = A^ for i = 2,3,4. Let (xi,j/i) , (x2,y2) , (x3,ya) be three 
distinct solutions to (JT]) with 

y fe > M(F) 3 - 5 

and 

|x fc -a4y/c|= min |xfe-aiy fe | fee {1,2,3}. 

l<i<4 

This assumption will lead us to a contradiction at the end of this section, implying 
that related to each real root of F(x, 1) = 0, there are at most 2 solutions with 
y > M(F) 3 5 . Recall that related to a non-real root, there exists no such solution. 

Put rfc = ||0(xfc, yk)\\ and assume that r\ < r% < r^. We will apply Matveev's 
lower bound to 

r+s | . | 

Ah 



Ti,j{x3,yz) =log|A,-,j| +^m fe log i^y, 



fe=2 
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where is chosen so that Lemma 19. II is satisfied and nik € Z. Forms of signature 
(0, 2) have one fundamental unit and forms of signature (2, 1) have two fundamental 
units. Moreover, if \.j is a unit then we can write Ti.j(x,y) as a linear form in 
fewer number of logarithms. We remark here that when dealing with linear forms 
in 2 logarithms, one can use sharper lower bounds (see for example [6]). 

Suppose that A is a unit in the number field and A' is its algebraic conjugate. 
We have 

fc(A') = ^A) = i|log(r(A))| 1) 

where h is the logarithmic height and | |i is the L\ norm on K 4 and the mappings 
r and log are defined in (fT5|) and (|19p . So we have 

MA) = i|log(r(A))| 1 <^||log(r(A))||, 



where II II is the Lo norm on 



Since 014, a, and OLj have degree 4 over Q, the 



number field Q(a4, on, ay) has degree d < 24 over 



A 



(24) max{dh(— ), 
A 



log( 



A 



So when A is a unit 
A 



A' 



)|}<12||log(r(A))||. 



} < max{24/i(-), | log( 

In order to apply Theorem 12.51 to Tij(x,y), we will take , for k > 1, 

A fc = 12||bg(r(A))||. 

By (|2"Tj) and Lemma [5?2l we have 

A k <24\\<f>(x,y)\\, for k > 1. 

Now we need to estimate A\. 

Lemma 9.2. Let F be an irreducible binary quartic form with integral coefficients. 
Assume that (x,y) is a solution to ([T]) with y > M(_F) 3 5 . Then, we have 



c*k - on 



Proof. Let A 



^ctk - a- 
ycti. We have 



< 2 log 2 + 2\\<j)(x,' l 



Oik 



Thus by © and ©, 



/ Oik 



Pk - 13, 



< 2 log 2 + 4h(p k ). 



To complete the proof, we will show that 

1, 



h((3 k )< -U(x,y)\\ 



Vi = log \f3i\ = (f>i(x, y) - ^(1, 0) for 
v = (vi,v 2 ,v 3 ,v 4 ). 



Set 
and 

Since j5k is a unit, we have 



€ {1,2,3,4} 



-t 

8 ^ 

i=l 



l^il = o( Sl ' S2 ' S 3,S4) ' V, 
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where si, S2, S3, S4 € {+1, — 1}< Since ||(si, sa, S3, S4 ) 1 1 = 2, we obtain 

M&) < 1 Ml- 

On the other hand, we have 

INI < U(x,y)\\ + ||^(1,0)|| <2||0(x,»)||. 
This completes our proof. □ 

Set, for k G {1,2,3}, 

rfe = ||0(x fc ,?/ fc )||. 

We may take 

Ai = 48 log 2 + 48ri 

(recall that a±, at , otj are algebraic conjugates). Since mi — 1, we will put 

S = max{l, max{mj Aj/Ai : 1 < j < 4}}. 

Since we assumed that r(Xi), 2 < i < r + s — 1 are successive minimas for the lattice 
A, we have 

K A, I < r 3 + ||0(l,O)|| <2r 3 . 

Thus we may take B = g (see ([2"T]l). 

Proposition 12.51 implies that for a constant number K, 

log Ti,j (13,1/3) > -ATrflogrs. 
Comparing this with Lemma |9. 11 we have 

) > -ifri log r 3 , 



G 



or 



r3 ^fi^ 4 

< 6iv r x . 



log r 3 

Thus there is a computable constant number K\, so that 
(25) r 3 <K ir l 

This is because r 3 is large enough by Lemma 18.41 But by Lemma l7.ll we have 

r 3 > 0.00014 exp(y) . 
This is a contradiction, for by Lemma l8.4| 




and D is large. Thus, there are at most 2 solutions (x, y) with y > A/(F) 3 5 related 
to each real root a^. The proof of Proposition 13.21 for forms with signature (4,0) 
is complete now. This argument can be used for forms with signature (2,1), as 
well and will give us an bound of 17 upon the number of solutions to ([J) for this 
case. In the next section, we will see that for forms of signature (2, 1) we do not 
need to consider the set 21, as the lattice generated by the fundamental units of the 
corresponding number field is contained in a plane. 
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10. Proof of Proposition 13.21 for Forms of signature (2,1) 

Let F(x, y) be a quartic form of signature (2, 1). Suppose that (xi, y±), {x2, 2/2) 
and (2:3,2/3) are three pairs of non-trivial solution to ([1]) with 

\xj - a 4 y 3 \ < 1, 

and \yj \ > M(F) 3 - 5 , for j £ {1,2,3}. We will assume «4 is real (recall that related to 
a non-real root, there exists no solution (x, y) with \y\ > M(F) 3 5 ). The real number- 
field Q(«4) has two fundamental units A2, A3 chosen so that log (r(A2)) , log (t(A 3 )) 
are successive minimas of the lattice A, with 

(26) l|log(r(A 2 ))|| ||log(T(A 3 ))|| > 4vol(A), 

where Vol(A) is the volume of fundamental parallelepiped of lattice A. If (x, y) is 
a solution to \F(x,y)\ = 1, then 

4>{x,y) £ 0(1,0) +A = Ai. 

Note that 

Vol(A) = Vol(Ai). 

For distinct pairs of solution (x\, 2/1), (0:2,2/2) and (2:3, 2/3) , three vectors 4>(xi,y\), 
4>{ x 2, 2/2) and 4>(x3, 2/3) generate a sub-lattice of Ai with the volume of fundamental 
parallelepiped equal to 2A. Therefore, 

(27) 2 A > Vol(Ai) = Vol(A). 
On the other hand, by (ITTl) . A, the area of A is less than 

2 ||<M2:3, 2/3)11 exp I 

This, together with (f2"T)) gives 

(28) W(l3 ,„ 3) || > ^ exp /ii^.«)ii 



G 

Let us replace Proposition 17. II by the above inequality when F(x,y) has signature 
(2,1). 

Put rfc = ||0(xfe, 2/fe)|| and assume that r% < < r^. We will apply Matveev's 
lower bound to 

r+s I A I 

T hJ (x 3 ,y 3 ) =log|A lJ | +^m fe log— — 



where is chosen so that Lemma 19. II is satisfied and rrik £ Z. Similar to Section 
IH let index a be the isomorphism from Q(«i) to Q(ctj) such that a(«i) = aj. We 
may assume that cr(Ai) — A'j for i — 2,3,4. Recall that related to a non-real root, 
there exists no such solution. 

We use our estimation from Section [5] for Ai and B: 

A x = 481og2 + 48ri 

and 

B = ri. 
12 

For fundamental units A^, with fc £ {2, 3}, using (|24[) . we may put 

^ fc = 12||log(r(A))||. 
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Theorem 12.51 and (|26|) imply that for a constant number K, 
\ogT hJ (x 3 ,y 3 ) > -Kn logr 3 Vol(A). 
Comparing this with Lemma |9. 11 we have 

f^-) > -Kn log r 3 Vol(A), 




or 



log r 3 



< 6A>iVol(A). 



Thus, since r 3 is large enough by Lemma [8.41 there is a computable constant number 
K2, so that 

r 3 < K 2 riVol(A) 
(compare this with (|25p ). But by ( |2"5)) we have 



This is a contradiction by Lemma [8.41 and since the discriminant is large. Thus, 
there are at most 2 solutions (x,y) with y > A1(F) 3 - 5 related to each real root at. 
The proof of Proposition 13.21 and Theorem 11.11 are complete now. 
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